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$V$ vector space $z$ (formal variable)
867 1994 88-98
89
$V[z|=$ { $\Sigma_{n\in N}v_{n}z^{n}|v_{n}\in V,$ $0$ }
$V[z,$ $z^{-1}|=$ { $\Sigma_{n\in \mathbb{Z}}v_{n}z^{n}|v_{n}\in V,$ $0$ }
$V[[z]]=\{\Sigma_{n\in N}v_{n}z^{n}|v_{n}\in V\}$
$V[z, z^{-1}]=\{\Sigma_{n\in \mathbb{Z}}v_{n}z^{n}|v_{n}\in V\}$
$V\{z\}=\{\Sigma_{n\in \mathbb{C}}v_{n}z^{n}|v_{n}\in V\}$
$\{z_{1}, \ldots, z_{k}\}$
1.1 $f(z)=\Sigma a_{n}z^{n}$ ${\rm Res} f(z)=a_{-1}$
12( ) $f(z_{1}, \ldots, z_{d})$ $z_{i}=z_{\text{ }}l\backslash z_{i}=0$
$f(z)= \frac{g\{z)}{\Pi z_{j}\Pi\langle z_{j}-z_{k})}$ $(g(z)\in \mathbb{C}[z_{1}, \ldots, z_{d}|)$




1.$ 2 $\{z_{1}=z, z_{2}=w\}$
$f(z)$ $(z-w)^{-n}$
$l_{z,w}(z-w)^{-n}$ $=$ $\sum(:^{n}-)(-1)^{i}z^{-n-i}w^{i}$ (1)
$i\in N$
$l_{w,z}(z-w)^{-n}$ $=$ $\sum(:^{n}-)(-1)^{n+i}w^{-n-i_{Z}i}$ (2)
$i\in N$
$(in)= \frac{n(n-1)\ldots\{n-i+1)}{i!}$ $n<0$ (2) $0$
$l_{z,w}(z-w)^{-1}= \frac{1}{z}(\frac{1}{1-\frac{w}{z}})$ $=$
$\frac{1}{z}(1+\frac{w}{z}+\frac{w^{2}}{z^{2}}+\ldots)$ (3)












(V, Y) $a\in V$ $Y(a, z)$ $\Sigma_{n}a(n)z^{-n-1}$
( End$(V)$ $a(n)$ )
1. ( ) $a,$ $b\in V$ $N$ $a(n)b=0$ $\forall n>N$ .




4. ( ) Conformal vector ( ) \omega
( )
$Y(\omega, z)=\sum_{n\in \mathbb{Z}}w(n)z^{-n-1}=\sum_{n\in \mathbb{Z}}L_{n}z^{-n-2}$
$(a),$ $(b),$ $(c)$




(b) (translation generator) $L_{-1}$
$Y(L_{-1}a, z)= \frac{d}{dz}Y(a, z)$
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(c)( ) $L_{0}$





$=$ ${\rm Res}_{z_{1}}\{Y(a, z_{1})Y(b, z_{2})\iota_{z_{1},z_{2}}((z_{1}-z_{2})^{m}z_{1}^{n})$
- ${\rm Res}_{z_{1}}\{Y(b, z_{2})Y(a, z_{1})\iota_{z_{2},z_{1}}((z_{1}-z_{2})^{m}z_{1}^{n})$






1.7 ( ) $Vir$ $\{I, L_{i} : i\in \mathbb{Z}\}$
$I$ 1 $c\in \mathbb{C}$
$[L_{m}, L_{n}]=(m-n)L_{m+n}+ \delta_{m+n,0}\frac{(m^{3}-m)}{12}cI$
$m,$ $n\in \mathbb{Z}$ central charge $c$ Virasoro Algebra
L8 $V=\mathbb{C}[z, z^{-1}]$ $L_{n}=-z^{n+1} \frac{d}{dz}$
central charge $0$ $\frac{d}{dz}$ $-L_{-1}$
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1.5






$\forall a,$ $b,c\in V,$ $h,$ $k,$ $n\in \mathbb{Z}$
$L_{-1}1=0$ (7)
$Y(e^{xL_{-1}}a, z)=Y(a, x+z)$ (8)
$[a_{k}, Y(b, z)]=\sum_{i\geq 0}(ik)Y(a_{i}b, z)z^{k-\{}$ (9)
(” Commutator formula ”)
$[a_{k}, b_{n}]= \sum_{i\geq 0}(ik)(a_{i}b)_{k+n-i}$ (10)
1.10
$[a_{0}, Y(b, z)]=Y(a_{0}b, z)$ (11)
$[a_{1}, Y(b, z)]=Y(a_{0}b, z)z+Y(a_{1}b, z)$ (12)





$e^{yL-1}Y(b, z)e^{-yL-1}=Y(b, z+y)$ (15)
(6) (Scaling property) $y\in z\mathbb{C}[[z]]$
$e^{yL_{0}}Y(b, z)e^{-yL_{0}}=e^{y\Delta_{b}}Y(b, e^{y}z)$ (16)




commutator formula associativity formula
1.11 2
(1) [Locality=commutativity]
$v\in V^{*},a,$ $b,$ $u\in V$
$<v|Y(a, z_{1})Y(b,z_{2})|u>$ (I)
$<v|Y(b, z_{2})Y(a, z_{1})|u>$ (II)
$Z_{2}$ ((II) $z_{1}$ ) $z_{1}$ ( $(II)$ $z_{2}$ )
$f(z_{1}, z_{2})$ $=$ $\frac{g(z_{1},z_{2})}{z_{1}^{r}z_{2}^{s}(z_{1}-z_{2})^{t}}$ (18)
$g(z_{1}, z_{2})\in \mathbb{C}[z_{1}, z_{2}]$ $f(z_{1}, z_{2})$
$\iota_{z_{1},z_{2}}$
( $(II)$ $\iota_{z_{2},z_{1}}$ )
$<v|Y(a, z_{1})Y(b,z_{2})|u>$ $=$ $\iota_{z_{1},z_{2}}f(z_{1}, z_{2})$ (19)
$<v|Y(b, z_{2})Y(a,z_{1})|u>$ $=$ $\iota_{z_{2},z_{1}}f(z_{1}, z_{2})$ (20)
$Y(a,z_{1})Y(b,z_{2})$ $Y(b, z_{2})Y(a, z_{1})$
(2) [Duality $=$ associativity]
$v\in V^{*},a,$ $b,$ $u\in V$
$<v|Y(Y(a,0_{1})b,$ $z_{2}$ ) $|u>$
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$z_{0}$ $z_{2}$ $f(z_{1}, z_{2})$ 2,z0
$<v|Y(Y(a, 0_{1})b,$ $z_{2}$ ) $|u>=\iota_{z_{2},z_{0}}f(z_{0}+z_{2}, z_{2})$ (21)
[Locality]
$<v|Y(a, z_{0}+z_{2})Y(b, z_{2})|u>=\iota_{z_{0},z_{2}}f(z_{0}+z_{2}, z_{2})$ (22)
$Y(a, z_{1})Y(b, z_{2})$ $Y(Y(a, z_{1}-z_{2})b,$ $z_{2}$ )
$[FLM]$ 2 Jacobi
[Skew–symmetry]
$Y(a, z)b=$ $e^{zL-1}Y(b, -z)a$ (23)
$a_{n}b$
$=$ $-(-1)^{n}b_{n}a+ \sum_{1\geq 1}\frac{1}{i!}(\cdot-1)^{\dot{+}n+1}(L_{-1})^{i}(b_{n+i}a)$ (24)







$[a, [b, c]]-[b, [a, c]]=[[a, b],$ $c$]
1.13 $a,$ $b\in V/L_{-1}V$ $[a, b]=a_{0}b$ (mod $L_{-1}V$ ) $V/L_{-1}V$
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1.6 $L_{-1}$
$Y(a, z)=\Sigma a(n)z^{-n-1}$ [ $L_{-1},$ $Y(a, z)|=(\frac{d}{dz})Y(a, z)$
$[L_{-1}, \sum a(n)z^{-n-1}]=\sum[L_{-1}, a(n)]z^{-n-1}=\sum(-n-1)a(n)z^{-n-2}$ (26)
$[L_{-1}, a(n)]=-na(n-1)$ (27)
$a(-2)$ $=$ $[L_{-1}, a(-1)]$ , (28)
$a(-3)$ $=$ $\frac{1}{2}[L_{-1},a(-2)]=\frac{1}{2}[L_{-1}, [L_{-1}, a(-1)]]$ (29)
$a(-n)$ $=$ $\frac{1}{(n-1)!}(adL_{-1})^{n-1}a(-1)$ for $n>1$ (30)
$\Sigma a(n)z^{-n-1}$ $n<0$
$e^{adL_{-1}z}a(-1)$
1.14 (Borcherds ) $A$ ad$L_{-1}$ $A$
$Y(a, z)b=(e^{adL_{-1}z}a)b\forall a,$ $b\in A$







$L_{n-1}\omega=\omega_{n}\omega$ $=$ $0$ $\forall n>3$
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1.7
$V$ 2 $Y(a, z),$ $Y(b, z)$
$Y(a, z)Y(b, z)$
$[FLM]$






118 2 $Y(a, z),$ $Y(b, w)$
$Y(a, z)\cdot Y(b,w)=Y(a, z)^{-}Y(b, w)+Y(b, w)Y(a, z)^{-}$ (33)
1.19
$Y(a, z)Y(b,w)=\sum_{i\geq 0}Y(a(i)b, w)\iota_{z,w}(z-w)^{-i-1}+Y(a, z)\cdot Y(b,w)$ (34)





$Y(a_{1}(-i_{1}-1)\cdots a_{n}(-i_{n}-1)b, z)$ (36)













$a,$ $b\in V_{2}$ $a\cross b=a_{1}b\in V_{2}$
1.22 $\cross$
[ ] Skew-symmetry $Y(a, z)b=e^{zL-1}Y(b, -z)b$
$a_{n}b=-(-1)^{n}b_{n}a+ \sum_{1\geq 1}\frac{1}{i!}(-1)^{\dot{\iota}+n+1}(L_{-1})^{i}b_{n+i}a$ (38)
$n=1$ $a_{1}b=b_{1}a+ \Sigma_{i\geq 1}\frac{1}{:!}(-1)^{i}(L_{-1})^{i}b_{1+i}a$
$V_{1}=0$ $b_{2}a=0,L_{-1}ka=0$
$a_{1}b=b_{1}a$
$( \frac{1}{2}w)\cross b=\frac{1}{2}L_{0}b=b$ $\frac{1}{2}w$
$V_{0}$
123 $<a,$ $b>=a_{3}b\in V_{0}=\mathbb{C}1$
$\forall a,$ $b,$ $c\in V_{2}$




125 (V, $Y,$ $1,$ $w$ ) $V_{1}=0,$ $dimV_{0}=1$
$V_{2}$ $<a,$ $b>=a_{3}b$ $\cross$
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[ ]
central charge 1/2
